Abstract. The structure of the spacetime geometry in (2 + 1) gravity is described by means of a foliation in which the space-like surfaces admit a tessellation made of polygons. The dynamics of the system is determined by a set of 't Hooft's rules which specify the time evolution of the tessellation. We illustrate how the non-trivial topology of the universe can be described by means of 't Hooft's formalism. The classical geometry of a universe with the spatial topology of a torus is considered and the relation between 't Hooft's transitions and modular transformations is discussed. The universal covering of spacetime is constructed. The non-trivial topology of an expanding universe gives origin to a redshift effect; we compute the value of the corresponding 'Hubble's constant'. Simple examples of tessellations for universes with the spatial topology of a surface with higher genus are presented.
Introduction
In (2 + 1) dimensions, the Riemann tensor can be expressed in terms of the Ricci tensor; consequently, vanishing of the Einstein tensor implies [1] vanishing of spacetime curvature. Thus, in the absence of matter, spacetime can be represented by the union of simply connected domains with appropriate identifications of their boundaries; each domain is isometrically equivalent to a region of the three-dimensional Minkowski space M. In this representation of spacetime, the dynamics of the system together with the information on the topology of the universe and the causal structure of spacetime are encoded in the gluing homeomorphisms which describe how the boundaries of the different domains must be identified and how the associated tangent spaces are related. The problem of constructing a consistent set of gluing homeomorphisms has recently been considered and solved by 't Hooft [2] . In this article we shall use 't Hooft's formalism to describe, in (2 + 1) gravity, the classical geometry of universes with the topology of g × R, where g denotes a Riemann surface of genus g 1.
The physical systems that we shall study have already been considered in the literature. In particular, the Arnowitt, Deser and Misner (ADM) reduction [3] of the Einstein equations in (2 + 1) dimensions to a Hamiltonian system over Teichmüller space has been discussed by Martinec [4] , by Moncrief [5] and by Hosoya and Nakao [6] . Thus, the original parts of our work are essentially related to the use of 't Hooft's formalism [2] . This formalism is particularly convenient for doing computations and computer simulations [2] in (2+1) gravity. The 't Hooft solution of classical (2+1) gravity (possibly in the presence of gravitating spinless particles) is based on the peculiar symmetry properties of general relativity in (2 + 1) dimensions and suggests interesting developments [7] at the quantum level.
After a brief introduction to the main aspects of 't Hooft's formulation, we shall give a detailed description of the classical geometry of a universe with the spatial topology of a torus. We shall discuss the relation between 't Hooft's transitions, which appear in the evolution of the tessellation, and modular transformations. The covering space of spacetime will be constructed and the appearance of a redshift effect, which is induced by the nontrivial topology of an expanding universe, will be considered. We shall use the structure of the covering space to compute the value of the corresponding 'Hubble's constant'. Finally, we will give simple examples of tessellations for universes with the topology of a surface with higher genus.
Several methods have been proposed to study gravity in (2 + 1) dimensions; we shall not elaborate here on the relations between these various formalisms. We only note that the 't Hooft version of (2 + 1) gravity is strictly connected with (and could be understood as a partially gauge-fixed version of) the covariant formulation [8] of Waelbroeck. This covariant formulation plays an important role in (2 + 1) gravity because it is also related to the Chern-Simons interpretation [9, 10] of (2 + 1) gravity, to Ashtekar's approach based on connections [11, 12] and to the algebraic construction [13] of Nelson and Regge.
Evolution of the tessellation
In this section we shall recall the main features of the 't Hooft presentation of spacetime which will be used in the next sections. One considers a spacetime foliation in which each space-like surface (t) is described by means of a tessellation [2] made of polygons, as shown in figure 1 . We shall firstly concentrate on a pure gravity system; the introduction of matter will be discussed later. A Lorentz frame is associated with each polygon; with respect to this frame, the interior of each polygon coincides with an open domain of the surface defined by the relation t = constant. The hedges of adjacent polygons must be identified. Each edge may be static or may have a constant velocity in the direction which is orthogonal to the edge itself. Two edges which must be identified have necessarily the same length and the same velocity; moreover, for both edges this velocity is directed inside or outside the polygon. Because of the constant velocities of the edges, the length of each edge is a linear function of time and the angles between edges are constant in time. In order to specify the structure of the tangent space and how the different Lorentz frames are related, we only need to consider how tensors are modified under a parallel transport along an oriented path which crosses two edges which must be identified. Let us introduce an holonomy matrix H ∈ SO(2, 1) which describes the effects of the parallel transport of vectors [14] . If one denotes by η the rapidity parameter corresponding to the velocity of two edges which must be identified, the holonomy associated with a crossing of these edges is a boost [2] with rapidity parameter (2η) along the orthogonal direction. As shown by 't Hooft [2] , this rule can be interpreted as a kinematic condition which is related to the causal structure of spacetime.
When the length of one of the edges vanishes or when one of the corners hits an edge, one has a transition in which the structure of the tessellation of (t) undergoes a local change. As discussed by 't Hooft in [2] , the transitions which describe the local modifications of the tessellation are shown in figure 2 . In a transition of type A, two edges which must be identified shrink to zero and a new couple of edges is formed; this process corresponds to an exchange of vertices. In a transition of type D one has a split due to a vertex which hits two edges. A transition of type F describes a vertex grazing; this transition differs from a type A transition because one of the vertex angles is greater than π. Finally, in the transitions of types G and J one has a triangle or a double triangle disappearance. Thus, the time evolution of the space-like surface (t) is described by a sequence of 't Hooft transitions and, within two consecutive transitions, the evolution of the size of polygons is linear in time. The rules which must be used to determine the local changes of the tessellation in the transitions have been described by 't Hooft in [2] . These rules, which specify the velocities and the angles of the edges which are formed in the transitions, are consequences of the vertex conditions. The vertex conditions ensure that the spacetime described by the time evolution of the tessellation corresponds to a solution of the Einstein equations. The points in which three or more couples of edges meet are called vertices. One can always choose the tessellation of the Cauchy surfaces in such a way that only 3-valent vertices occur. Since the Riemann tensor must vanish in each vertex, the holonomy associated with a loop enclosing a vertex must be represented by the identity matrix. This constraint introduces a set of relations called vertex conditions. Consider the vertex shown in figure 3 ; the rapidity parameters corresponding to the velocities of the edges are denoted by { η i } with i = 1, 2, 3 and { α i } are the angles between the edges. In terms of the variables
the vertex conditions take the form [2, 14] 
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Conditions (2.3)- (2.11) give relations between the values of the rapidity parameters { η i } and of the vertex angles { α i }. For a generic vertex, only three of the six variables { η i } and { α i } represent free parameters. A given set of variables { η i } and { α i }, which correspond to a solution of the vertex conditions, does not necessarily represent a set of physically meaningful parameters. A solution of the vertex conditions is acceptable when a neighbourhood of the vertex, determined by the values of the parameters { η i } and { α i }, turns out to be isometrically equivalent to an open domain of Minkowski space. This implies [2] that only one of the three angles { α i } can have a value greater than π. Examples of solutions of the vertex conditions are in order. Trivial vertex. The vertex conditions admit a simple solution in which all the rapidity parameters are vanishing 12) and
The two-dimensional curvature R associated with a trivial vertex is vanishing
Quasi-static vertex. A non-trivial vertex which is characterized by the variables { η i } and { α i } is called quasi-static when one of the rapidity parameters, say η 3 , is vanishing. In this case, the vertex conditions admit the solution 2.16) where η and α (with 0 < α < π) are free parameters. The two-dimensional curvature associated with a quasi-static vertex is given by
Symmetric vertex. When the values of the three rapidity parameters { η i } are equal, the vertex is called symmetric. One finds
and
with
The two-dimensional curvature R associated with a symmetric vertex is 22) and from equation (2.21) 
Quasi-symmetric vertex. A non-trivial vertex is called quasi-symmetric when the absolute values of { η i } are equal and one of the three rapidity parameters, say η 3 , has opposite sign with respect to η 1 and η 2 . In this case, the solution of the vertex conditions is given by
The two-dimensional curvature associated with a quasi-symmetric vertex is given by 2.28) and satisfies the relation 0 R < π . (2.29)
Tessellation and topology
For each tessellation of the Cauchy surface , one can introduce a topological diagram which describes the structure of the vertices and of the couples of edges which must be identified in the tessellation. For example, the detail of the topological diagram which corresponds to the tessellation of figure 1 is shown in figure 4 . Each couple of edges which must be identified in the tessellation is represented by a simple line in the topological diagram; the lines which appear in a topological diagram need not be straight lines and their length is not related to the real length of the edges of the tessellation. Since only 3-valent vertices are present in the tessellation, the associated topological diagram has the structure of a Feynman diagram of a φ 3 -like field theory. In order to reconstruct the structure of the tessellation associated with a given topological diagram, one can use the double-line representation [15] of the propagators in which the two lines of each propagator represent a couple of edges which must be identified. Consider, for example, the topological diagram of figure 5(a) ; by introducing the double-line representation of the propagators, one finds the diagram of figure 5(b) . Therefore, the corresponding tessellation consists of a single polygon with three couples of edges (which must be identified as shown in figure 5 (b)) and two vertices. Consequently, the surface which is described by this tessellation has Euler characteristic χ given by
In general, consider a topological diagram which has V vertices and P propagators; by using the double-line representation for each propagator, one obtains a diagram in which the set of the all lines is the union of a certain number of connected components that we may call 'loops'. Each of these 'loops' represents a polygon of the corresponding tessellation. Let F be the number of these 'loops'; the surface which is described by the associated tessellation has the Euler characteristic
Since the Euler characteristic χ of a closed surface g is related to the genus g of the surface according to
the surface associated with the tessellation described by the topological diagram of figure 5 has genus g = 1. In order to describe the spacetime geometry of a universe with the topology of g × R, we only need to produce a specific tessellation of the surface g at a given time because the time evolution of this surface is determined then by 't Hooft 's rules. The set of data which are associated with a given tessellation contains the lengths { L i } and the rapidity parameters { η i } of all the edges of the polygons. In the absence of trivial and quasistatic vertices, the variables { L i , η i } represent a complete set of data. Indeed, when all the rapidity parameters of each vertex are non-vanishing, the vertex angles are uniquely determined by the vertex conditions. For each quasi-static vertex, one needs to add the value of a vertex angle (which is a free parameter). Similarly, for each trivial vertex one has to specify in general the values of two vertex angles.
Let us now consider the constraints on the structure of the topological diagrams which are related to the non-trivial topology of the universe. For any Cauchy surface g of genus g 1, one can always construct [2, 8] a tessellation made of a single polygon. The associated topological diagram cannot have an arbitrary number V of vertices and an arbitrary number P of propagators. Indeed, if the topological diagram corresponds to a one-polygon tessellation, the number E of edges of this polygon must be equal to 2P and, since there are only 3-valent vertices, it must also be equal to 3V . Therefore, one obtains
On the other hand, the value of the Euler characteristic gives the relation
Equations (3.4) and (3.5) imply that
Let us now verify that, when conditions (3.6) and (3.7) are satisfied, no further constraint due to the topology of the universe must be imposed. Let us first recall that the values of the variables { L i , η i } cannot be chosen arbitrarily because, in 't Hooft's formalism, one has constraints [2, 7] . These constraints state that the polygons of the tessellation must be true polygons. This simply means that the lengths of the edges and the values of the vertex angles must be related in such a way that each polygon is 'closed'. Let us assume, therefore, that conditions (3.6) and (3.7) are satisfied. By imposing the standard constraints related to the closure of the polygons, one gets a tessellation made of a single polygon; in agreement with equation (3.8) , this polygon has R Franzosi and E Guadagnini (12g − 6) edges. Therefore, the sum of all the internal angles { α i } of this polygon is given by
On the other hand, it is known that the Euler characteristic (3.5) can also be expressed in terms of the two-dimensional curvature which, in our case, may have non-vanishing values only at the vertices of the tessellation. By taking the sum of the two-dimensional curvature associated with the vertices, one finds
(3.10) Equation (3.10) shows that, if the values of the angles are consistent with the closure of the polygon, the sum of the two-dimensional curvatures gives directly the correct value of the Euler characteristic. This means that, in addition to equations (3.6) and (3.7) , no further constraint due to the topology of the universe must be imposed.
In the remaining part of this article, we shall consider explicit examples of spacetimes with the topology of g × R. We shall firstly discuss in detail the case in which g = 1; then, we shall give examples of tessellations associated with surfaces of higher genus.
Genus one
According to equations (3.6) and (3.7), the topological diagram associated with a onepolygon tessellation of a torus must have two vertices and three propagators; this topological diagram is shown in figure 5 . Let us introduce three rapidity parameters { η 1 , η 2 , η 3 } which correspond to the velocities of the edges. In our conventions, the rapidity parameter is positive when the corresponding edges have a velocity which is directed outside the polygon. The two vertices of the diagram are denoted by V and W as shown in figure 6 . For non-vanishing values of the rapidity parameters { η 1 , η 2 , η 3 }, the values of the vertex angles { α (1) 1 , α (1) 2 , α (1) 3 } of vertex V are uniquely determined by the vertex conditions. The same happens at vertex W ; actually, since the two vertices have the same rapidity parameters, the values of the angles { α (2) 1 , α (2) 2 , α (2) 3 } of W coincide with those of vertex V . The tessellation associated with the topological diagram of figure 6 consists of a single polygon with six edges. This polygon is a real hexagon (i.e. it is 'closed') only when the sum of the internal angles is given by
(4.1) Equation (4.1) implies that the two-dimensional curvature associated with the vertices V and W must vanish. When all the rapidity parameters of a vertex are non-vanishing, the associated two-dimensional curvature is negative if all the rapidity parameters have the same sign and it is positive in the opposite case. Therefore, in order to have vanishing two-dimensional curvature, the two vertices V and W must be trivial vertices or quasistatic vertices. We shall now analyse these two possibilities separately. Figure 7 shows the structure of the tessellation and its relation with the associated topological diagram. Static torus. When vertices V and W are trivial vertices, the values of the rapidity parameters { η 1 , η 2 , η 3 } are vanishing. Therefore, the edges of the polygon are static and the tessellation describes a static universe with the spatial topology of a torus. For each vertex, the sum of the vertex angles must be equal to 2π. There are three couples of edges which must be identified; moreover, one has the constraint that the polygon should be closed. It is easy to verify that any two edges which must be identified must be parallel; this implies that the vertex angles in V and W are equal. To sum up, the hexagon of the tessellation has the form shown in figure 8 , where the edges which are labelled by means of the same symbol should be identified. In order to obtain the standard picture of the torus, one can use the construction illustrated in figure 9 . Clearly, by varying the lengths of the edges and the values of the vertex angles, one can obtain a static torus with arbitrary values of the Teichmüller parameters. Moving torus. Let us now consider the case in which V and W are quasi-static vertices. To simplify the exposition, let us choose η 3 as vanishing rapidity parameter
With this choice, the two static edges are directed along a longitude of the torus, as shown in figure 7 . According to equation (2.16) , the values of the vertex angles α (1) 3 and α (2) 3 , which are placed in front of the static edges in the vertices, are equal to π. Closure of the polygon implies that the values of the remaining vertex angles for V and W must coincide 4) where α is a free parameter with 0 < α < π. We shall consider the case in which 0 < α π/2; the extension to the case π/2 < α < π is straightforward and can also be obtained by means of modular transformations. Consequently, the polygon of the tessellation has the form shown in figure 10 . The lengths of the three couples of edges, which must be identified, have been denoted by { L 1 , L 2 , L 3 }; the two edges with length L 3 are static whereas the edges with lengths L 1 and L 2 are moving and have the same rapidity parameter η. For positive η the polygon is expanding and the tessellation describes an expanding universe with the spatial topology of a torus. Suppose that, at some fixed time t, the system is described by the tessellation of figure 10 with 0 < α < π/2. In order to determine the time evolution of the tessellation, we need to consider the motion of the edges and the associated motion of the positions of the vertices. The time evolution of a quasi-static vertex is represented in figure 11 where the positions of the edges at times t and t + t are shown. Therefore, at time t + t, the structure of the tessellation is given by the polygon shown in figure 12 . As time goes by, the length L 2 of two edges which must be identified decreases and, when L 2 vanishes, one has a transition of type A. By using 't Hooft's rules [2] for the transitions, it turns out that the corresponding exchange of vertices V and W is just a slide of these two vertices over the moving edges. The modification of the tessellation in this transition is shown in figure 13 , where the size of the polygon at different times t < t 1 < t 2 is depicted; the transition occurs precisely at time t 1 .
To sum up, the time evolution of the tessellation is described by a uniform expansion of the polygon in the 'y direction'; during this expansion, the positions of the vertices slide over the two horizontal (moving) boundaries and, when they reach the static edges, they jump to the opposite side. So, one has a sequence of infinite transitions with a constant time interval between them. Clearly, when α = π/2, the lengths L 1 and L 2 are separately constant in time and, consequently, there are no transitions (the positions of the vertices on the moving edges are fixed).
Teichmüller parameters
At a fixed time t, the tessellation of the torus is represented in figure 10 . We shall consider the case in which the rapidity parameter η is positive, so that the universe is expanding. Let us now introduce the Teichmüller parameters { τ 1 , τ 2 } which are related to the size of the polygon as shown in figure 14 . According to the standard normalization of the Teichmüller parameters, one gets
In order to determine the time evolution of { τ 1 , τ 2 }, we need to consider the time evolution of {L 1 , L 2 , L 3 } because the value of the angle α is constant in time. The moving edges have velocity w given by
therefore, by using the geometric relations which are consequences of the structure of the polygon and of figure 11 , one finds that, within two consecutive transitions, the time derivative of the lengths of the edges takes the forṁ
By following the evolution of the tessellation backward in time, one finds the situation in which L 3 = 0 and the torus was degenerate. We shall fix the origin of time by requiring that, at t = 0, one has L 3 = 0 and the universe begins to expand. From equations (5.4)-(5.6) it follows that
Equations (5.7)-(5.9) describe the uniform expansion of the polygon; in agreement with the structure of the tessellation, the sum L 1 + L 2 turns out to be constant in time
At time t 1 given by 11) one has L 2 (t 1 ) = 0 and thus a transition takes place. After this first transition and before the second one, one has
14)
The evolution of the tessellation is described then by an infinite sequence of transitions and, within two consecutive transitions, the lengths of the edges vary linearly in time. The time interval δt between two consecutive transitions is
Let us now consider the time evolution of the Teichmüller parameters. By inserting the expressions (5.7)-(5.9) into equations (5.1) and (5.2), for 0 t < t 1 one finds
In each transition, the lengths of the edges are modified according to
Consequently, in each transition the Teichmüller parameters transform as
In the complex upper half-plane of the Teichmüller parameter τ of the torus,
the motion of the representative point of the classical state of the universe is shown in figure 15 . The increment τ 2 of τ 2 in the time period (5.15) is given by
The discontinuities of the curve represented in figure 15 are related to the transitions which enter the time evolution of the tessellation. It should be noted that 't Hooft transitions do not correspond to physical singularities or discontinuities of the spacetime geometry. In 't Hooft's formalism, the presence of transitions in the evolution of the tessellation is simply a consequence of the particular choice of the spacetime foliation, which is defined by means of piecewise flat surfaces. In agreement with this fact, the discontinuities of the curve of figure 15 do not correspond to discontinuities in the moduli space M of the torus. Indeed, the space M can be obtained from the upper half-plane of the Teichmüller parameter τ by factorizing the action of the mapping class group of the torus which can be taken to be generated by the modular transformations
In each transition, the modifications (5.21) and (5.22) of the Teichmüller parameters correspond to a modular transformation (5.25); thus, no discontinuities in M are generated by the transitions.
Modulo the action of the transformations (5.25), the curve of figure 15 can be represented by the straight line shown in figure 16 and, under a modular transformation (5.26) , this straight line is transformed into the half-circle shown in figure 16. These curves represent geodesic lines with respect to the Poincaré metric of the complex upper half-plane. Thus, one can say that the time evolution of the torus is described by a geodesic in the Teichmüller space equipped with the Poincaré metric. This conclusion is in agreement with the previous results [4] [5] [6] obtained by means of the ADM construction. In our discussion on the time evolution of the torus, we have chosen η 3 as vanishing rapidity parameter. Clearly, any other choice would not modify the physics of the system. A permutation of the meridian and the longitude of the torus, for example, is equivalent to performing a modular transformation (5.26) . With a positive rapidity parameter η, the universe is expanding and the time distance of any event from the initial configuration, in which the torus is degenerate, is finite. Similarly, for negative values of the rapidity parameter η, the universe is contracting and its volume reaches the vanishing value in a finite time. The evolutions of the expanding and of the contracting universes are related by time reversal.
Let us now make a list of the degrees of freedom for the pure gravity system with genus one. The tessellation shown in figure 10 contains five free parameters: the values {L 1 , L 2 , L 3 } of the lengths of the edges, the value η of the rapidity parameter and the value α of one of the vertex angles. One variable can be used to fix the overall 'scale' of the distances of the system (the Teichmüller parameters are dimensionless); the remaining four parameters determine the position and the velocity of the representative point in the Teichmüller space. So, the counting of the degrees of freedom in the 't Hooft formalism is in agreement with the counting in the canonical ADM formulation.
Covering space
Let us now consider the properties of the tangent space of the universe with the spatial topology of the torus. The effects of a parallel transport of tensors along an oriented path can be described [2, 14] by means of a holonomy matrix H ∈ SO(2, 1) associated with the path; this matrix is defined in the basis specified by the Lorentz frames of the polygons. For a generic path which does not cross the edges of a polygon of the tessellation, the associated holonomy is just the unit matrix. So, we need to specify the holonomy matrix for each possible crossing of the edges. In the case of the static universe described by the tessellation shown in figure 8 , the edges have vanishing velocity; consequently, each crossing holonomy does not boost the vectors and can be given, at most, by a rotation. Since any two edges which must be identified are parallel, each crossing holonomy is actually the unit matrix.
In the case of an expanding universe, the corresponding tessellation is shown in figure 10 . The two static edges are parallel; therefore, the holonomy associated with a crossing of these two edges is the unit matrix. Consider now an oriented path A → B crossing two moving edges, as shown in figure 17 . With respect to the coordinate system shown in figure 17, the associated holonomy H is given [2, 14] by a boost in the y-direction with rapidity parameter (−2η)
where
The physical meaning of the crossing holonomy can be illustrated by means of a simple example. Suppose that a test particle with 3-momentum {k a } hits and crosses the moving edge; after this crossing, the new components {k a } of its momentum are given by In order to get a picture of the global structure of the universe, it is useful to produce a presentation of the universe in terms of its universal covering. We shall now describe the covering space associated with the universe with the spatial topology of the torus. Such a presentation, which confirms the internal consistency of 't Hooft's formalism, will be used in the next section. Any simply connected domain with vanishing Riemann tensor is isometrically equivalent to a region of the three-dimensional Minkowski space M. Therefore the universal covering of the spacetime X, which corresponds to a pure gravity system in (2 + 1) dimensions, can be represented by a region U ⊂ M. If one denotes by the group of covering translations (automorphisms) acting on U , the spacetime X has a presentation as X U/ .
When X is the spacetime associated with a static torus 1 , X is invariant under time translations. Consequently, we only need to consider the universal covering of the torus Figure 18 . Evolution of the tessellation in the (y, t) plane.
which is given by the plane. So, in this case, U coincides with M and is generated by the two spatial translations which are associated with the covering of 1 .
Let us now consider the more interesting case in which X is the spacetime defined by the expanding torus described in the previous sections. With respect to the reference system shown in figure 17 , the moving edges have a velocity w = Thη which is directed along the y-direction. Thus, in the (y, t) plane, the evolution of the tessellation takes the form shown in figure 18 . The positions of the moving edges at different times are represented in figure 18 by the two straight lines defined by the equations
The x component of the coordinates is not shown in figure 18 . Thus, neglecting the xcomponent of the coordinates, the points of these two straight lines with the same value of the t-coordinate must be identified. It is important to note that these points are related by a Lorentz transformation given by a boost along the y-direction with rapidity parameter (2η). More precisely, consider the point Q 1 on the (y, t) plane with coordinates
The point Q 1 belongs to a straight line (6.5) . Under the transformation described by a boost in the y-direction with rapidity parameter (2η), the coordinates (6.6) are transformed according to
The new variables (t 2 , y 2 ) can be understood as the coordinates of a new point Q 2 on the (y, t)-plane Q 2 ↔ ( t 2 = t , y 2 = t Th η ) . (6.10) Figure 19 . By gluing copies of X which have been translated in the x-direction, the polygon of figure 17 is transformed into a strip in the (y, x)-plane.
The point Q 2 belongs to the straight line (6.4) and, since it has the same t-coordinate as Q 1 , it must be identified with Q 1 .
Let us now reconsider the full three-dimensional shape of X. With respect to the Lorentz frame of the polygon, the spacetime X consists of a domain X of Minkowski space with appropriate identification rules for the points on the boundary of X. We shall construct the universal covering U of X by means of the standard procedure in which U is obtained by gluing suitably transformed copies of X. To take care of the identification of the two static edges, we simply need to add copies of X which have been translated in the x-direction. After this first step, the polygon of figure 17 is transformed into the strip shown in figure 19 . The group of transformations which connect these different copies of X is generated by a translation G 1 (a) in the x-direction G 1 (a) = exp (iaP 1 ) , (6.11) where (6.12) and the translation parameter a is given by (6.13) In order to take care of the identification of the moving edges, one cannot simply add copies of X which have been translated in the y-direction because, as shown in figure 18 , these copies would not match. As we have seen before, in order to have matching of the moving edges (neglecting the x-component of the coordinates) one has to use Lorentz transformations generated by a boost in the y-direction with the rapidity parameter (2η)
(6.14)
Thus, by adding an infinite number of copies of X which have been Lorentz transformed in the y-direction (and, possibly, have also been translated in the x-direction), figure 18 is transformed into figure 20 . By taking into account the x-component of the coordinates, the generator G 2 of the group of transformations connecting these copies of X turns out to be
15) Figure 20 . By gluing copies of X which have been Lorentz transformed in the y-direction, the region of figure 18 is transformed into the cone |y| t with t 0 in the (y, t)-plane.
where the translation parameter b is given by
To sum up, the universal covering U ⊂ M of the spacetime X, which corresponds to an expanding universe with the spatial topology of a torus, is given by the set
The group of covering automorphisms acting on U is the group generated by the isometries G 1 and G 2 given in equations (6.11) and (6.15)
The value (6.16) of the translation parameter b is in agreement with the value (5.16) of the Teichmüller parameter τ 1 . Moreover, the boost matrix 2 (2η) entering the definition (6.15) of G 2 is the inverse of the crossing holonomy (6.1). This fact is not a coincidence; indeed, as the following argument will show, it represents a consistency condition for the agreement between 't Hooft's formalism and the meaning of the universal covering of the spacetime X. Since U is a subset of the Minkowski space M, the natural Lorentz frame associated with U is the frame inherited from M. With respect to this coordinate frame, the motion of a test particle in U is free motion because U is flat. Suppose now that one test particle crosses the moving edges of the polygon as shown in figure 21 . Region I of figure 21 represents X and region I I represents a copy of X obtained by means of the Poincaré transformation G 2 . With respect to the Lorentz frame of U , the test particle moves on a straight line and has momentum { k a } in both regions. However, when the motion in U is projected into X, one must take into account the relation between the frames of regions I and I I . Consequently, with respect to the Lorentz frame of X, the components { k a } of the particle momentum after the crossing of the moving edges are given by (6.19) Relation (6.19 ) is in agreement with equation (6.3) which has been obtained by means of 't Hooft's rules [2, 14] . Figure 21 . Free motion of a test particle in the universal covering; the particle crosses two moving edges of the tessellation.
A topological redshift
The action of the Lorentz transformation (6.19) on the components of the particle momentum, for each crossing of the moving edges of the polygon, gives origin to a peculiar redshift effect. The existence of this general phenomenon in the three-dimensional context was mentioned by Waelbroeck [8] five years ago. In this section, we shall compute the value of the corresponding 'Hubble's constant' in the simple model of an expanding universe with the topology of the torus. First of all we need to consider how matter can be introduced in 't Hooft's formalism. In the presence of spinless particles, the tessellation contains particles which are placed at the corners of the polygons. Each particle connects two edges of a polygon and these two edges must be identified [2] . We shall consider the case in which the mass m of the particles satisfies the relation 0 m < (4G ) −1 where G (with G > 0) is the gravitational constant. Each particle introduces a non-trivial two-dimensional curvature given by R = 2β where the deficit angle 2β depends on the energy of the particle. More precisely, if one denotes by E the time component of the 3-momentum of the particle, p a = (E , p), one has [2] tan β = E tan (4πGm) m . (7.1)
For a massless particle, equation (7.1) becomes tan β = 4πGE . (7.2) When the values taken by the components of the momentum of each particle are small in gravitational units, i.e. when
3) the deficit angles of the particles are small, β 1. In a topological diagram, the presence of a particle P can be represented as shown in figure 22 and, when equation (7.3) is satisfied, the vertex V of figure 22 can be approximated by means of a quasi-static (or static) vertex. We shall assume that, for each particle, equation (7.3) is satisfied so that the influence of matter on the large-scale structure of the evolution of the universe can be neglected to first approximation. For our illustrative purposes, this approximation is useful because, even in the presence of matter, we can describe the evolution of the universe by means of the solution presented in the previous sections and the computation of 'Hubble's constant' turns out to be simple.
Suppose that, at time t = t 0 , a 'star' emits 'light' with frequency ω 0 . We assume that this star is static with respect to the frame of the polygon. This emitted 'light' needs not to be necessarily electromagnetic radiation. To avoid problems with spin, one can imagine that this 'light' is made of spinless particles with zero mass, which propagate with velocity v = 1. Suppose that, at time t = T with T t 0 , this radiation is detected by the apparatus of a static observer; the problem is to find the frequency ω of the detected radiation.
If the time interval (T − t 0 ) is sufficiently large, the particles of the radiation cross the edges of the expanding polygon several times before reaching the detector. For each crossing of the static edges of the polygon, the energy of these particles is not modified. For each crossing of the moving edges, however, the frequency is modified according to the effects of the boost (6.19) on the components of the momentum. As a result, frequency decreases. Thus, with the topology of a torus, the redshift effect which is produced by the expansion of the universe strongly depends on the direction of the emitted (or absorbed) radiation. In particular, no redshift is observed for the radiation which propagates in the x-direction with respect to the system shown in figure 17 . Whereas, the redshift assumes its maximum value for the radiation with velocity directed along the y-direction. We shall therefore concentrate on the latter case.
If the velocity of the massless particles is perpendicular to the moving edges, the frequency ω 2 after one crossing is related to the frequency ω 1 before the crossing according to (7.4) Consequently, after n crossings, the observed frequency ω depends on the emitted frequency ω 0 as (7.5) We now need to compute the number n of times the radiation crosses the moving edges in its propagation from the source at time t = t 0 to the observer at time t = T . Since the motion of particles in the covering space is free motion (which is easy to analyse), we shall use the covering space U introduced in the previous section. We only need to consider the (y, t)-plane because the x-component of the coordinates has no influence on n. As shown in figure 23 , the source's coordinates are (t = t 0 , y = 0) and the detector's coordinates are (t = T , y = 0). The motion in U of the radiated massless particles is described by the straight line connecting the source with point B of coordinates B ↔ (t = t B , y = t B − t 0 ) . The point B represents the position of one of the images of the detector in the covering space U ; therefore, according to the structure (6.15) of the generator G 2 of covering translations, the coordinates of B must be related to the coordinates of the detector by the action of a boost with rapidity parameter (2nη)
( 7.8) Equations (7.7) and (7.8) imply that (7.9) Consequently, equation (7.5) reads (7.10) During its motion from the source to the detector, the radiation is moving with velocity v = 1 and, in the reference system of the polygon, it covers a distance L which is given by L = T − t 0 . Therefore, for the radiation detected in the y-direction, the redshift formula takes the form (7.11) where the 'Hubble's constant' h is given by (7.12) As it was natural to expect, the inverse of the 'Hubble's constant' is precisely the age of the universe.
Because of the angular asymmetry of the topological redshift, the observed spectrum is actually rather complicated. The various images of the source, which are seen by the observer in different directions, present different redshifts and the whole spectrum contains all the corresponding frequencies. Clearly, for a contracting universe, the frequency difference ω = ω − ω 0 is positive and, in this case, one finds a blueshift effect. The frequency shift of the observed radiation is a general phenomenon which is due to the motion of the edges of the polygons of the tessellation; this effect is also present in the case of a universe with the topology of a surface with genus g > 1.
Higher genus
Let us now consider a spacetime with the topology of g × R, where g denotes a Riemann surface of genus g > 1. At some fixed time, one can construct a tessellation which consists of a single polygon. During the time evolution, the structure of the tessellation will change and, in general, new polygons may be produced. In order to give examples of spacetimes with topology g × R with g > 1, we need to find a consistent set of initial data for the tessellation. This problem consists of two parts; firstly, one has to determine the structure of a topological diagram which is consistent with the constraints coming from the non-trivial topology of the universe and, secondly, one must impose the usual constraints which are related to the 'closure' of the polygon. We shall now give a general solution to the first part of this problem.
A topological diagram which describes a one-polygon tessellation of a surface of genus g 1 must have (4g − 2) vertices and (6g − 3) propagators. Such a diagram is necessarily non-planar because it must reproduce the correct value of the Euler characteristic of the surface. A topological diagram with the desired properties is shown in figure 24 . This diagram consists of a chain of g subdiagrams; each of them is one-particle irreducible. At the beginning and at the end of the chain, there are two OPI subdiagrams with three vertices; whereas each of the intermediate OPI subdiagrams has four vertices. Therefore, the whole topological diagram of figure 24 has the (4g − 2) vertices and (6g − 3) propagators. Moreover, by using the double-line representation for the propagators, one finds that the tessellation associated with the diagram of figure 24 consists of a single polygon. Consequently, this tessellation describes a surface of Euler characteristic χ = 2 − 2g. Figure 25 shows the structure of the tessellation and its relation with the genus g surface. At this stage, the topological constraints are satisfied and one has to specify the values { η i } of the rapidity parameters and the values { L i } of the lengths of all the edges of the polygon. Moreover, one must impose the standard constraints of 't Hooft's formalism that are related to the closure of the polygon. This second part of the problem, which is in general numerically non-trivial, is encountered in the construction of any tessellation. For non-vanishing values of the rapidity parameters, the vertex angles are uniquely determined by the vertex conditions. Since in our case the polygon has (12g − 6) edges, the values { α i } of the angles must satisfy
Moreover, the lengths of the edges must be chosen in such a way that the polygon is closed. This means that, by using a cyclic ordering to denote the angles and edges of the polygon, the following relation must be satisfied:
Once the values { α i } satisfying equation (8.1) have been found, equation (8.2) can be solved in a relatively simple way. Indeed, suppose that the polygon has 2N edges; this set of edges consists of N couples of edges that must be identified. One can choose 'freely' the lengths of the first (N − 2) couples of edges and the lengths of the remaining two couples of edges are determined by equation (8.2) . Thus, the difficulties encountered in the construction of the tessellation are essentially related to the choice of the rapidity parameters because the associated angles should satisfy equation (8.1) . We shall now prove that, for a surface of genus g 2, a particular solution of 't Hooft's constraints always exists. Since the Riemann surfaces with genus g 2 have a global (two-dimensional) curvature which is negative, one can choose the values of the rapidity parameters with the same sign. In order to simplify the construction of the solution, one can also require maximal symmetry, i.e. one can impose that all the rapidity parameters take the same value (8.4) In this case, the (4g − 2) vertices are equal and symmetric. As we have stated in section 2, in a symmetric vertex the values of the three vertex angles are equal, 5) where the value of α is given in equation (2.20) and satisfies the relation 2π 3 α < π . (8.6) In a polygon with (12g − 6) edges there are (12g − 6) angles. So, in order to satisfy constraint (8.1) , the value of α must be given by
As shown in equation (8.7) , α(g) is an increasing function of the genus g and the range of values taken by α(g) is given by
Since the values taken by α(g) satisfy relation (8.6) , it is possible to determine the rapidity parameter η by using equation (2.20) :
Thus, when the values of all the rapidity parameters coincide with η(g) given in equation (8.9) , the values of the angles (which are determined by the vertex conditions) are equal and coincide with α(g) of equation (8.7) . In this case, constraint (8.1) is satisfied. Finally, one has to determine the lengths { L i } of the edges in such a way that condition (8.2) holds. The simplest solution to this last problem consists of taking all the edges with the same length
where L is a free parameter.
To sum up, we have proved that, for a surface of genus g 2, a particular solution of 't Hooft's constraints always exists. This particular tessellation consists of a regular polygon with (12g − 6) edges. The couples of edges which must be identified are determined by the structure of the topological diagram of figure 24. The edges are moving and the associated rapidity parameter is given in equation (8.9) . The time evolution of this tessellation corresponds to a conformal expansion or contraction of the regular polygon; therefore, no transitions take place. The existence of this particular solution actually implies the existence of many other solutions which are obtained by means of smooth deformations of the parameters { η i , L i }.
For a generic tessellation of a surface g of genus g 2, the time evolution will contain 't Hooft's transitions. Since these local modifications of the structure of the tessellation are not related to singularities or discontinuities in the geometry of spacetime, these transitions must correspond to modular transformations acting on the Teichmüller space of g . Differently from the case of the torus, a universe with the topology of g × R with g 2 cannot be static with respect to the Lorentz frame of the polygon. Indeed, the two-dimensional curvature of g is non-vanishing for g 2; therefore, the geometry of a static universe of the type g × R is not consistent with Einstein's equations.
In 't Hooft's formalism, the time evolution of any specific tessellation admits a simple geometric description; indeed, the laws of the dynamics take the form of kinematic relations. Unfortunately, it is rather difficult (in general) to give a detailed analytic description of this evolution because of the presence of constraints (8.1) and (8.2) which ensure the consistency of the initial data. In the case of a universe with the spatial topology of a torus, for example, constraints (8.1) and (8.2) are easy to solve and, consequently, it is possible to give a complete analytic description of the time evolution of the tessellation. For a universe with the topology of g × R with g > 1, however, the explicit form of the more general solution of constraints (8.1) and (8.2 ) is difficult to produce. In this case, a numerical analysis based on computer simulations will probably be useful to explore the properties of the system.
We conclude this section with a note on the number of degrees of freedom in a pure gravity system with the topology of g ×R with g 2. The surface g can be described by a tessellation which consists of a single polygon with (12g −6) edges. When the tessellation contains generic vertices with non-vanishing rapidity parameters, the values of the vertex angles are uniquely fixed by the vertex conditions. Therefore, the tessellation is determined by the values of the real variables { η i , L i }. If one ignores constraints (8.1) and (8.2) , the set { η i , L i } actually contains (12g − 6) independent variables because two edges which must be identified have the same length and have the same rapidity parameter.
The parameters { η i , L i } can be understood [7] as canonical conjugate variables of an Hamiltonian system; the Hamiltonian function is proportional [7] to the two-dimensional curvature and depends on the values { η k } of the 'momenta'. Since relation (8.2) contains non-trivial real and imaginary parts, equation (8.2) introduces two constraints. By taking the time derivative of equation (8.2) , one obtains two additional constraints jL j ( { η k } ) e i θ j = 0 , (8.11) where { θ j } are given in equation (8.3) . Thus, equations (8.2) and (8.11) can be used to eliminate four variables (two 'coordinates' and the two associated 'velocities'). Finally, constraint (8.1) determines the value of the Hamiltonian energy [7] of the system and introduces one relation among the variables. Consequently, the number ν of free parameters is given by ν = (12g − 6) − 5 = 12g − 11. One of these variables can be used to fix the overall scale of the distances of the system. The remaining (12g − 12) variables determine the position and the velocity of the representative point of the classical state of the universe in the Teichmüller space. Therefore, also in the case of a universe with higher genus, the counting of the degrees of freedom in 't Hooft's formalism is in agreement with the counting of the ADM formulation. The consistency of constraints (8.1) and (8.2) has been proved, on the basis of geometric arguments, by 't Hooft [7] . A simple argument confirms the validity of our counting of the degrees of freedom. In 't Hooft's formalism, constraint (8.2) is compatible with the time evolution of the tessellation [7] ; if relation (8.2 ) is satisfied at the initial time, it is also valid at any time. Since equation (8.2) really represents two constraints, the two associated 'conjugate momenta' must vanish and this is precisely the meaning of equation (8.11).
Conclusions
Gravity in (2+1) dimensions represents a simple model in which some of the open problems of general relativity can be studied. In 't Hooft's formalism, the structure of the spacetime geometry is described by means of a foliation in which the space-like surfaces admit a tessellation made of polygons. This formulation presents interesting features because it is based on the symmetry properties of general relativity in (2 + 1) dimensions. In this paper we have used 't Hooft's formalism to describe the classical geometry of universes with the topology of g × R.
We have studied in detail the case of a universe with the spatial topology of a torus and we have shown that 't Hooft's transitions, which appear in the evolution of the tessellation, are related to modular transformations in the Teichmüller space. We have actually presented a complete analytic description of the time evolution of the tessellation. The universal covering of spacetime has been constructed and we have illustrated how this description of spacetime is in agreement with 't Hooft's formalism. We have considered the topological redshift effect which is induced by the non-trivial topology of an expanding universe; the corresponding 'Hubble's constant' has been computed. For universes with the spatial topology of a surface of higher genus, we have given the general structure of the topological diagram which is associated with a corresponding one-polygon tessellation. In the case of a tessellation made of a regular polygon, we have solved the constraints which are related to the consistency of initial data; the resulting evolution corresponds to a conformal expansion or contraction of the universe. Finally, we have discussed the counting of the degrees of freedom in 't Hooft's formalism and we have shown that there is agreement with the counting in the canonical ADM formulation.
Our results confirm the validity of 't Hooft's formalism to describe classical (2 + 1) gravity. The convenience of this formalism to construct a consistent quantum version of (2 + 1) gravity remains to be explored.
